CHAPTER 4

Introduction to Partial Differential Equations

4.1. Some Examples

Example 4.1.  (The one-dimensional heat conduction equation)
We consider the heat conduction problem (see Chapter 1) in an (infinitely) thin rod of length
[ (see Fig. 4.1.1). Let the heat at the point x and time ¢ be given by u(x,t). Assume that the
heat distribution in the rod at the time # = 0 is given by the function f(x), and that the heat at the
endpoints x = 0 and x = [ are given by the functions A(¢) and g(t), respectively (in practice & and g
are measured quantities). Then u(x,7) is described by the heat conduction equation:

w,—kul,= 0, t>0,0<x<I,
u(x,0) = f(x), 0<x<l,
u(0,6) = h(t), t>0,
u(l,t) = g(), t>0.

FIGURE 4.1.1. One-dimensional hqat conduction
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Example 4.2. (The inhomogeneous one-dimensional heat conduction equation)
Suppose that we have the same system as in the previous example, but that we also add the heat
v(x,1) at the point x and time ¢ (see Fig. 4.1.2). In this case u(x,) is described by the inhomogeneous
heat conduction equation:

u —kul, = v(x,t), t>00<x<I,
u(x,0)=  fx), 0<x<lI,
u(0,6)= h(t), t>0,

(r), t>0.

FIGURE 4.1.2. One-dimensional inhomogeneous heat conduction

i
Av =v(x,t)

!

v



10 4. INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS

Example 4.3. (The two-dimensional inhomogeneous heat conduction equation)
We now consider heat conduction in a two-dimensional region D. Let the heat at the point
(x,y) € D at the time ¢ be given by u(x,y,7). Assume that the heat distribution at # = 0 is described
by the function f(x,y), and that the heat at the boundary of D is constant over time and given
by g(x,y) (in practice this is obtained by transfer of heat into or out from the system through the
boundary). Assume also that the heat v(x,y,t) is added to the point (x,y) at the time ¢. Then u(x,y,?)
is described by the two-dimensional inhomogeneous heat conduction equation:

u;—k(uﬁéx—l—u;/y)z v(x,,t), (x,y)€D,t>0,

u(x,y,0)= flxy), (xy) €D,
M(x7y7t): g(%)’), ()C,y) EBD,[>0.

oD

&

Example 4.4. (The three-dimensional heat conduction equation)
We now consider heat conduction in a three-dimensional region V. We use the same notation
as above, with the addition of a z-coordinate. Then u(x,y,z,7) is described by the three-dimensional
heat conduction equation:

(4.1.1) u, —div (kgradu) = v(x,y,z,t), (x,y,2) €V,1>0,
ulx,y,z,0)= f(x,yz), ((xyz)eV,
ulx,y,z,t) = glx,yz), (x,52)€dV,1>0.

REMARK 1. Note that the gradient “grad” of the function u(x,y,z) is given by the vector

ou Jdu Ju d d d
miu =¥ = () = (5.5 5) = (Fo o) »

V= 37 37 é )
dx’ dz’ 0z
the divergence “div”, of a vector field F = (F, Fy, F,) is given by
- OoF, JF, OF
divF =V .- F = — + 2+ .
v ox T T
Thus, the divergence of the gradient of u(x,y,z) is given by

If V is written as

div (gradu) =V -Vu = Viu=Au=u" + wyy + Ul
Hence, if k = k(x,y,z) = ko is constant (4.1.1) can be written as
up — ko (g, +uy, +ul) =v & w—koAu=v.
REMARK 2. Observe that the equation
U, —KAu=v

in general describes a diffusion process. Heat conduction implies a diffusion (transport) of heat, and is
one example of such a process. Some other examples of diffusion processes are
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e Mixing of one liquid in another (e.g. milk in a cup of tea).
e Diffusion of a gaseous substance in air (e.g. a poisonous gas is released in the air).
e Propagation of elementary particles in a solid material (e.g. neutrinos in a nuclear reactor)

Since the equations are the same, all methods we consider here for solving the heat equation in various
cases can also be applied to these alternative diffusion problems. Another PDE which is as important as
the diffusion equation is the wave equation, which we will now consider in some examples of.

Example 4.5. (The one-dimensional wave equation)

Consider a vibrating (elastic) string of length ! which is fixed at both endpoints. Arrange the
string along the x-axis and let u(x,#) describe the position (relative to the equilibrium) of the string
at the coordinate x and time ¢. At the initial time # = 0 the position and velocity of the string are
given by the functions f(x)and g(x) respectively. The vibrations of the string are described by the
one-dimensional wave equation:

gy —
u(0,) =u(l,t) =
x,0)=f(x),0<x <,
0

0, O0<x<lt>0,
=u 0

(
u)(x,0) = g(x),0 <x < [.

, t>0,

FIGURE 4.1.3. Vibrating string
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Example 4.6. (The two-dimensional wave equation)
Consider a vibrating membrane which is fixed at the boundary (e.g. a drum skin fastened in
a drum). Arrange the membrane so that it covers a domain D in the xy-plane, and let u(x,y,t)
describe the position (relative to the equilibrium) of the membrane at the point (x,y) at the time ¢
(see Fig. 4.1.4). At the initial time ¢ = O the position and velocity of the membrane are given by the
functions f(x,y) and g(x,y) respectively. The vibrations of the membrane are then described by the
two-dimensional wave equation:

gy — k () + ) =0, (x,y) €D,t >0,
u(x,y,t) =0, (x,y) €9D,t >0,
u(x,y,0) =f(x,y), (x,y)€D,
u(x,5,0)  =gx,y), (x,y)€D.
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FIGURE 4.1.4. Vibrating membrane
D

Z

Example 4.7. (The two-dimensional Laplace equation)

Assume that we have a two-dimensional domain, as in Example 4.3, and that we want to inves-
tigate the heat distribution in the system at thermal equilibrium, i.e. after so long time that the heat
distribution no longer changes with time. Assume also that we do not add any heat. This implies
that we have to set u; =0 and v = 0 in Example 4.3, which gives us the Laplace equation, which
we can write in the following three equivalent ways:

(4.1.2) ul + u'y/y = 0, &
Viu = 0, &
Au = 0.

A is usually called the Laplace operator or simply the Laplacian, and is of great importance in
both pure and applied mathematics. The solution u(x,y) of (4.1.2) describes the heat in the point
(x,y) after thermal equilibrium. This is usually called a stationary solution to the heat conduction
problem.

Example 4.8. (The two-dimensional Poisson equation)
The Poisson equation is an inhomogeneous Laplace equation, i.e. at all times ¢ we add the heat
v(x,y,t) = f(x,y) (independent of ) to the point (x,y). This equation can be written in the following
three equivalent ways:

ugx—l—ugy = f&s
Viu = fe

Au = f.


http://turnbull.mcs.st-and.ac.uk/history/Mathematicians/Laplace.html
http://turnbull.mcs.st-and.ac.uk/history/Mathematicians/Poisson.html
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1
Here u, = 0 and v(x,y,t) = — Z f(x,y) in Example 4.3, so the the Poisson equation can be interpreted

as the inhomogeneous heat conduction equation at thermal equilibrium (#, = 0), where we at all
times ¢ add the heat f(x,y) to the point (x,y).

%
Example 4.9. (The three-dimensional Poisson equation)
u¥x+u;,'y+ulzlz = [f&
Viu = fe
Au = f.
1
In this case we have u; =0andv=— o f in Example 4.4, and as in the two-dimensional case above,
0

the three-dimensional Poisson equation can be interpreted as the heat conduction equation at thermal
s . 1 .
equilibrium and when at all times 7 we add the heat & f(x,y,z) to the point (x,y,z).
0

o

REMARK 3. If the added heat in the examples above have negative sign, the obvious physical interpreta-
tion is that we cool down the system.

4.2. A General Partial Differential Equation of the Second Order

A general partial differential equation (PDE) can be written as

!/ ) 1 i
4.2.1) G(x>t7u7ux7utauxx7uxtﬂMtt) =0.

The basic questions we now ask ourselves are:

Does it exist a solution to the PDE?

Is the solution unique?

Is the solution stable under small perturbations?

Which methods are available to construct and illustrate solutions?

bl S

Example 4.10. The problems in Examples 4.1-4.6 have unique solutions, but the problems in Example
4.7-4.9 do not have unique solutions.

REMARK 4. A PDE of the type (4.2.1) usually has an infinite number of solutions and the general solution
depends on a number of arbitrary functions (to be compared with the fact that solutions to ODE:s usually
depend on arbitrary constants).

Example 4.11.  The equation
u = tx
has the solutions

1
u= thxz +g(t)+ h(x).



14 4. INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS

Example 4.12.  The two-dimensional Laplace equation

" "o
Uy + Uy, =0,

has, for example, the solutions

ulxy) = x* -y,
u(x’y) = excosy’
u(x,y) = In(x*+y%).

REMARK 5. A solution u(x,y) to the Laplace equation is called a harmonic function. To find harmonic
functions one can use the fact that if f(z) = f(x+iy) is an analytic function (or synonymously: entire

d
or holomorphic), i.e. if o f(z) exists, then the real part u(x,y) = Rf(x+iy), and the imaginary part
Z
v(x,y) = S f(x+iy) of f are both harmonic functions.

In the example above we used f(z) = 7z, ¢° and logz? respectively.

4.3. Linearity and Non-linearity

A partial differential equation can be written as
() Lu=f,
where L is a so called differential operator.

2

Example 4.13. LetL = 3

% k@. Then (*) becomes

/ "o
ut_kuxx_fa

which is a one-dimensional heat conduction equation (cf. Example 4.2).

¢
Example 4.14.  Consider the differential operator
)
L(u)= ua—? + 2txu.
Then the equation (¥) becomes
)
w4 2tu = F(x,0).

ot

DEFINITION 4.1. We say that the PDE (*¥) is linear if the operator L has the properties
(1 L(u+v)=Lu+Ly,

2) L(cu) = cLu.

If these conditions are not both satisfied we say that (¥) is non-linear.

Example 4.15.  The heat conduction equation in Example 4.13 is linear.
2

afan
ou+v) Pw+v) ou Pu v v

(1) L(u+v) = o —k 52 :g—kﬁ—kg—kﬁ:Lu—kLv.

Proof: We must see verify that L = satisfies (1) and (2) above.



http://mathworld.wolfram.com/HarmonicFunction.html
http://mathworld.wolfram.com/AnalyticFunction.html
http://mathworld.wolfram.com/DifferentialOperator.html
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d(cu 0% (cu ou o%u ou  u
(2) L(cu) = (at ) —k a(xz ) =co —kc@ =c <8t —kax2> =cLu.

Hence, since L satisfies both (1) and (2), the equation
Lu=f

is linear. O

Example 4.16. The PDE in Example 4.14 is non-linear.
Proof: We start by verifying property (1):

Lu+v) = (u+v)(u+v);+2x(u+v)
utly + uv, +vi, +vv; + 2txu + 2txv, and
Lu+Lv = wuu+2txu+ v, + 2txv.

Since L(u+v) — (Lu+ Lv) = uv, + vu; # 0 the property (1) is not satisfied and hence the equation
is non-linear. [

4.4. Classification of PDEs

A general linear second order PDE can be written as
(4.4.1) a(x,t)u) +b(x,t)ull, +c(x, )l +d(x,)u, +e(x,t)u, + q(x,t)u = f(x,y), (x,t) € D.
Set
D(x,1) = (b(x,1))* — 4a(x,t)c(x,1).
We say that the PDE (4.4.1) is
e Elliptic if D(x,z) < 0in D,

e Parabolic if D(x,r) =0in D,
e Hyperbolic if D(x,z) > 0in D.
Example 4.17.  Consider the two-dimensional Laplace equation
"

"o
Uy, + ity = 0.

Here D(x,y) =0?—4-1-1= —4 < 0, and hence the equation is elliptic.

¢
Example 4.18.  Consider the heat conduction equation
u, — ). = 0.
Here D(x,y) = 0> —4-0-(—1) = 0, and hence the equation is parabolic.
¢

Example 4.19.  Consider the one-dimensional wave equation
u —ull = 0.

XX

Here D(x,y) = 0% —4-1-(—1) =4 > 0, and hence the equation is hyperbolic.


http://mathworld.wolfram.com/EllipticPartialDifferentialEquation.html
http://mathworld.wolfram.com/ParabolicPartialDifferentialEquation.html
http://mathworld.wolfram.com/HyperbolicPartialDifferentialEquation.html
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4.5. The Superposition Principle

Consider a linear and homogeneous (i.e. the right hand side is 0) PDE:
(*) Lu=0.
Suppose that u,uy, ... are solutions of (¥) and that u is a finite linear combination of these:
U= Cluy + Coup + -+ Cplty.
Then u is also a solution to (*) since
Lu=L(ciuy+---+cuuty) = c1Luy +- -+ cyLuy, =0+---+0=0.
This is called the superposition principle and is true also for infinite sums:
u=ciuy+cyup+---+cpty+---,
provided that certain convergence properties hold'.
The continuous superposition principle:

Assume that uq(x,?) satisfies Lug = 0 for all o, @ < o0 < b, and define

b
u(x,t) = / c(@ua(x1)dor,
a
where c(o) is an arbitrary (integrable) function. Then

Lu=0.

L ( / hc(oc)ua(x,t)doc>

b
= / c(o)Lug (x,t)do

Proof:

Lu

= /abc(oc)-Odoc:O.

Example 4.20. It is easy to verify that for each —eo < @ < o, the function

1 (x—a)?
ua(x,t)—\/mexp<— pTo )

satisfies the heat conduction equation

/ "o
u, —ku, =0.

Hence this equation is also satisfied by the function
1 o0 (x—a)? )
ux,t) = —— c(a)exp | ———— | da,
WO =i Lw (o)exp < 4kt
for any arbitrary, integrable function c(c).

n n
1E.g. if we have uniform convergence in: s, (x) = Zu_/ (x) = u, si(x) = Zu; (x) — u', etc. for all occurring derivatives.
1 1
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4.6. Well-Posed Problems

A boundary or initial value problem is said to be well-posed if

(a) there exists a solution,
(b) the solution is unique, and
(c) the solution is stable.

A problem that is not well-posed is said to be ill-posed.

Example 4.21. Consider the initial-values problem which consists of the equation
upy +up =0, >0, —00 < x < oo,

together with the initial-values
4.6.1) u(x,0) =0, u;(x,0) = 0, —o0 < x < oo

The unique solution is given by the function which is constant 0:

u(x,t) =0,1 >0, —co < x < o0,

Let us now make a little perturbation of the initial-values (4.6.1):
(4.6.2) u(x,0) =0, u(x,0) = 10~ *sin 10*x.

The solution to this new problem is given by

u(x,t) = 10~*sin (10%x) sinh (10%) .
For large ¢ we know that sinh (10%) is approximately %exp (10%) . The tiny change in the initial-

values ave rise to a change in the solution from the constant 0 to a function which grows expo-
nentially (from the sinh-factor) and oscillates exponentially much (from the sine-factor). A really
dramatic change! This implies that the solution is not stable, and hence the problem is ill-posed.

¢
Example 4.22.  Show that the boundary-value problem
u, —kull, =0, 0<x<l,0<t<T,
u(x,0) = f(x), 0<x<l,

u(0,0) =g(t),u(l,t) =h(), 0<t<T,
where f € C[0,/] and g,h € C[0,T], has a unique solution, u(x,?), in the rectangle
R:0<x<[,0<t<T.

Solution: Later on we will construct a solution to this problem (in Example 5.9)!
But for now, assume that we have rwo different solutions to the problem: u; (x,#) and uy(x,7). It
is then clear that the function
W(xvt) =ul (xvt) - MZ(xat)
must satisfy the boundary-value problem:

w; —kwl, =0, 0<x<[,0<t<T,
w(x,0) =0, 0<x<l,
w(0,6) =w(l,1) =0, 0<r<T.
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We now form the “energy integral”

Observe that E(t) >0, E(0) =0, and
l l
E'(t) = / 2wwidx = Zk/ wwl dx
0 0
771 ! 7\ 2
= [kawx]O—Zk (Wh) " dx
0

l
= 72k/ (W) dx <0.
0

Hence, the function E is decreasing from E(0) = 0, and since E > 0 we must have E(¢) = 0. This
implies that also w(x,#) =0, i.e. u;(x,1) = up(x,t) for all x,z. Since we assumed that the solutions
u1 and up were different we have arrived at a contradiction! Hence the problem must have a unique

solution!

4.7. Some Remarks On Fourier Series

Consider a function f(x), —I < x < I. The Fourier coefficients of f are defined as

1 l
aw = 5 [ S
1 ! nix
ay = 7\/711((.%)008(T)d.x,n—1,2,...7

1 /! . (nTX
bn = 7[[f(X)SlH(T)dx7n:172,...,

and the Fourier series of f is defined by

S(x)=ao+ i ay, cos (?) + by, sin (@) .
n=1

For a more detailed discussion of Fourier series see Section 6.1. See also Fig. 4.7.

Assume that f(x) is infinitely many times differentiable in the interval —I < x < [, except for a number
of discontinuity points. Then we have:

()
(b)

©)

S(x) =S(x+21), for all x.
S(x) = f(x) at the points where f is continuous,

1
Sx) = 3 [£(x+) 4 f(x—)] at points of discontinuity?.

2Here f(+x) = lim f(y), where we keep y > x as we take the limit, and we define f(x—) similarly.
y—x
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2/_\/ !

(a) A Discontinuous Function

(b) And its Fourier Series

19

When making a graph of a discontinuous function it is customary to indicate the value which is attained

by the function with a filled circle and the value which is not attained by an unfilled circle.

FIGURE 4.7.1. A square wave
Y
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K
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Example 4.23.  Consider the function f(x) from Fig. 4.7.1:

nyz{h 0<x<lI,

—k, —1<x<0.

X
Note that f(x) is odd, i.e. f(—x) = —f(x). Since cosx is even the function f(x)cos (HT) is
odd and we know that the integral of an odd function over an even interval is always O (the “negative”
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area cancels the “positive” area), hence ag = a,, = 0 for all n. And we have

1 1
by — 7/ f(x)sin<@)dx
1/ /
_ 1/0 —ksin (1) dx+/lksin(—”m)dx
Y l 0 ]
2k 1. /nmx
= 7 Osm(T)dx

= X[ e (]

2k
— - 1 _
= (1 —cosnm)

2k
= —(1-(=1D".
= (1= (-1))
Le.
4k 4k 4k
b1:77b2:07b3 7;b4707b5 = )
s 3n 5

and the Fourier series of f is

Il
als
/N
<]
=
|
~—
+

| —
Z.
=
7 N
~|#
'
+
| —
w2
/‘\\
N~~~
+
~_

See Fig. 4.7.2 for an illustration of some of the partial (containing only a finite number of terms)
sums for $(x).



4.8. SEPARATION OF VARIABLES 21

FIGURE 4.7.2. Partial Fourier series
Ay
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K
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k
(a) The First Term
Y
X
—
Si(x)
4k
g Sin 3x
4k
5 Sin S5x

(b) More Terms

4.8. Separation of Variables

Separation of variables is a common method to solve certain types of PDEs. Since it originated from an
idea of Fourier it is also sometimes called Fourier’s method.
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Model example: Solve the problem

(1 u,—kull, =0, 0<x<Ilt>0,
) u(x,0) = f(x), 0 <x <1,
3) u(0,t) =u(l,r) =0, 1>0.

What we mean by separating the variables in (1) is to seek a solution u(x,7) which can be factored as
u(x,t) =X(x)T(¢),
where X (x) and T (¢) are functions depending only on x and ¢ respectively. Assume now that we can write
u in this way. If we differentiate u = XT we get u,(x,) = X (x)T'(¢) and )/, (x,t) = X" (x)T (¢), and if we
substitute these expressions into (1) we get the equation:
X(xX)T'(t) — kX" (x)T (t) =0,

which can be rewritten as

') 1 X"(x)

Ttk X(x)°
Wee see that the left hand side is a function of # only and the right hand side is a function of x only. Hence,
the the only possibility is that both sides equals a constant:

T')1 _X"(x)
Ttk Xkx) 7
for some constant A (which we have to determine later). Instead of the PDE (1) we now have two ODEs:
T'(t) =—-MT(t),
X”(.X) = _M(x)a

with the general solutions
T(t)= Ce ™ and X (x) = Asin (\/Xx) + Bcos (ﬁx) )

The boundary values (3) implies that either T = 0 or X (0) = X (/) = 0. Since the first alternative only gives
us the solution which is constant O we see that X must satisfy the boundary conditions X (0) = X (/) =0,
ie.

X(0)=B=0,

which tells us that B = 0, and we also see that

X(I) = Asin (\/Xz) —0.

To once again avoid the trivial solution W = 0 (i.e. with A = 0) we must have sin (ﬂl) = 0, which
implies that
VL= nm,ncZt,

or equivalently

for some positive integer n.

We have showed that if a solution to (1) can be factored as X (x)7'(¢) then it can be written as

2 2kt
Ksin (?x) exp (—n‘?;> ,
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where n is a positive integer and K a constant. By the superposition principle (sec 4.5) the general solution
to (1) satisfying the boundary-values (3) can be written as

> 2nlkt
u(x,t) =Y bysin (?x) exp (—n;) )
n=1

where the Fourier coefficients, {b,},._, are determined by the initial condition (2):

— nm
() ,0)=f(x)=) bysin{—x).
u(x,0) (x) ’El s1n< 7 x)

Let us for simplicity assume that [ = 7 and consider some examples of initial values f(x) in the above
model example.

Example 4.24. Let f(x) = 2sinx+4sin3x. Then (*) is satisfied if by =2, by =0, b3 =4, by = bs =
--- = 0. Hence, the solution to the model example is

u(x,1) = 2sin(x)e ™ 4 4sin(3x)e K.

¢
4 (. 1. 1. . . . 4
Example 4.25. Let f(x)=1= - sinx + 3 sin3x+ gsm5x+ .-+ | . Then (*) is satisfied if b; = ot
1
by, =0, b3 = 73 by =0, bs = e be = 0, etc. in this case, the solution to the model example is
given by
4 : —kt 1. —9kt 1. —25kt
u(x,t) = - sin(x)e ™ 4+ 3 sin(3x)e " + 3 sin(5x)e +---
4 &
= — Ysin((2n- 1)x) e~ (@n=D%
n=1

o

Example 4.26.  If we have an arbitrary initial-value function f(x), 0 < x <, the solution to the model
example is given by

u(x,t) = Y bysin(nx)exp (—n’kt),
n=1

where
1/ 2 (T
by=—={ fulx)sinnxdx == / f(x) sinnxdx.
T)-x T Jo
Here f,(x) is an extension of f(x) to an odd function in the interval —1t < x < m, i.e. f,(x) = f(x) if
x>0and f,(x) = —f(x) if x <0 (cf. Fig. 4.8.1).
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FIGURE 4.8.1. Construction of an odd extension of a function

f(x)
Ju (\)

v

4.9. Exercises

4.1. [A] Determine, for each of the following differential equations, if it is linear or non-linear:
a) ul(x,1) +x*u! (x,1) = 0.
o%u ou
b — tu=— = ,1).
) 3, Tz = flx0)
c) ubu—u, = 0.
Pu u du

d —t =t —=u.

) B Ty T

4.2." Determine, for each of the following partial differential equations, the regions where it is hyper-
bolic, elliptic or parabolic:

a) ull +xul 4 2u. = f(x,1), (x,1) € R
b) yzz(ujgx + u;’y)2= 0,xeR,y>0.
0 0 10
c) ?;t:ﬂ <8r§t rZ),t>0,r>0,andc€Raconstant.
d) sinux (u; + 2uyy) + cosxuy, = tanx, 1 € R,|x| < 7.

4.3. [A] Letu(x,t),t> 0, x> 0 denote the temperature in an infinitely long rod with heat conductance
coefficient k, and which we heat up by increasing the temperature at the end point such that u(0,7) =

1 a-? .
t. Use the fact that uq (x,1) = (47kt) " 2e~ #  is a solution of u’, — ku',, = 0 for each o € R together
with the superposition principle to determine u(x,?). Le. solve the problem

u,—kull, = 0,x>0,t>0,
u(0,t) = 1,t>0.
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4.5.

4.6.

4.7.

4.8."

4.9.

4.10.
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4.9. EXERCISES 25

Determine whether the following problems are well-posed or ill-posed:
a) u)p =l u(0,t) = u(m,t) = u(x,0) = u(x,n), x,t € [0,7).
b) Wy — k. =0, u(0,t) = u(m,t) =0, u(x,())c) =sinx, x € [0,7], 7 > 0.
0 i, — k', = 0, u(0,¢) = 0, u(x,0) = sin (E),x e[0,m, > 0.
0 Wy — kil =0, u(0,1) = u(m,1) = 0, u(x,0) = sin (%) xe 0,1, 1> 0.
[A] a) Determine the Fourier series for the function f(x) which in the interval —1 < x < ®is given

by f(x) = x%.
© &=
b) use a) to show that = —k;l 2

Determine the Fourier series of f(¢) = | sin?|.

[A] Consider a rod of length L = 1 with heat conduction coefficient k = 1. At the beginning the
rod has the constant temperature 1. We then (instantaneous) cool down the ends of the rod to the
temperature 0, where we then keep it during the continuation of the experiment.
a) Formulate this problem mathematically.
b) find an expression for the temperature of the rod in the point x at the time 7.
(Hint: for the Fourier series expansion of the constant 1 use an odd periodic extension
in the interval.)

Solve the following problem by separation of variables:
u, = ul,0<x<3,t>0,
. . (4m
u(x,0) = sin(mx)—2sin 3 ,0<x <3,
u(0,t) = u(3,1)=0,1>0.
[A] Solve the following problem
u, = ul,0<x<mt>0,
u(x,0) = sin’x,0<x<m,
u(0,t) = d(m,t)=0,1>0.
Solve the following problem
uyp = uh,0<x<mt>0,
u(x,0) = sinx,0<x<m,
u(x,0) = 1,0<x<m,

u(0,t) = wu(m,t)=0,t>0.



