beclwre 8- Tnbegnal eguatione @
1 In!mdum._&w ' 1

('*) 300 = X - S@ Dynde,

(&) Yoo =509 +A Sk(x-i) Yeg)d s
(50 and 409 ane {.»ke.d Sunclions),
@ 463 =4 5‘10&,&)‘5(&)4& ‘whenre

(x. . ®(1-¢) , XSt sq,
R s {ﬁu-xs y O CELT,

d) o) = ;\SQ sxs)ﬂmdt,
@) Yoo S,M-l-AS@ 3IXE)4(E)dE,

.X’.. Frec“\o'm s e.qu.a.éoon
fkcx,zme)as F L) Y6) = $00)

?ws{ Kind @ a)so [hix,$) = Kevne/
Stcond Kind @ alx) 20 [SL = outen

Tvon Fredholm Yoree *'”'M
\ 186¢ -1923




a};"\/ol%mds eg,uo.é-iou", @
éhtx..S) $(E)dE + QU Y09 = $02)
First kind @ 0x)=q
Second Kind @ alx) 2o
(Vite Volterra 1860 -19%0)

2Ly s Solesman contral prcklen”.

Qs amount o.‘ "%bpclS" at time ¢ =0.

- R8) = hemaining Peacentage of
Yoods akten bime €.
Uté) = note to buy new aoode ( ﬁ“dsﬂimé
L) AT - amount of %ood l:ou&h'é in tme AT,
Total amount of "Qoods"o‘n the sﬁop |

ot bvwe & o |
o ki) + SRGe-7)ud2

- The salesman cov hove oo consdand
amount of goods i

(GX) o hit) +§M£-'B)u('r)dt = C, .

o jutar

—— .
¢ 4 “-r &



(1) ' \ @
Ex_s-: Potendra/ “)'2)9)
Vix,42) o) R ™
1S the Potentiol ot

the point GuY,2) due o o masedisibution
gCS)Q)v) »'\ﬁ -Q- . ‘T‘\en

o Vixap)s -6 §38 St¥ordpy,

The invense problam is to dettaming @
Svom o givew potential V., This
's desonbed by the integral equairon

V*V =G e,
A, Poisson's eqwon

& W{W
goq §0<) + S&(x-t) g¢) St €x)

NM“ MN?Q "-Q Soth &\ .
USE LOPlN,e 'b\m%.oams !



Solve x @
() Joy=XR-~ §Q<-t) §Le)de.

dl:This ‘eguodron 18 of convolutroun \ (J

" with $6)=x and kb)=X. We n:}e
thot SO §'i and kaploce trans -

Formotion of o) Qives

fly) = & -51,_ $Ly) , A-e,,

B %
Thu s OE ég"(%_.s;) =Sinx,
Ex¥s Solve .
40d = S0 + A (hlr-¢t)§e)dE
(809 and ALY ane $ixed Suncions).
ﬁ_olt &place'ﬁhah&{.ovma{-icu givex thot
£y) = £6) + A LN £0Y),n.e.,

- $(8)
| &t%) m So.faef

- "’"(ﬁ(\?e@. :

PR




3. Redokisuship batweer bsgugugml@
and Tw tegnol equotions (first ondet)
EX_S'. Considen the ODE

(1) 38'=505%) , $ix)=Y,.

2y nrgrak +o X we Lind
tk‘ig e V\ﬁxQnoMXQ o X wedl

! = ¢ qn.8,

(&) X (£)d¢ écr,&,w)a 3R-Le

x
%)= Y, +’§°X.L~e; QL)) dé.

On the obhea hane,it the & () holds,
Lhew we see that B0)=Y, and,
by dif{ventiobing
'0e) = 0%, 900
whmch ?heu?v\& ita%%(?)\b:ous!
R Iw Soct,itss possible tu meformulate
rony wital ownd boundoag P\OHQM(‘

as integral €quetions and vice versa,
Iw e&e neval b |

Initial problems s Voldona E
Jﬁ'\umit\l S&ﬂ!mslw " ?'

'BOMJM% value &3 Fredhole Eq.

Problewns



Y, Risacd!s mathod

‘Em_ugm_. Solve

G §'= S.LX,\AB %%)’A o
Wit GF) o3 aw m'leano. egquabion

a0 = A + §‘ S (&, 8t ¢,

Choose Gw m{wa' GppoRimation '
Etx\ 3,(»3 emJ calculote

4.0 A+ S 3.&,'50&))&* )
':\;(x)- A +§ St B¢,

‘300‘) A *S Sr('h %n-,('e))d*

"Hopelully:
WWBW) Y x )-" Cinn B, 00"

n->00
%X Solve
— '
B Y4'Tax (1+4) 4eo)20.
sol (vio 'Pucwwd's me-GLoJ)
Qu(x) = g &t (1+ Yuw))dt

choose S =D 'ﬁ«&h
3 %) = SM (1+0)dt = x*,
‘0

de b= f 2 (1 +¢2)dt = +.’~+— ,




409 = ss.t (1#e'+57)ae -x% v 20 @
. | “

%nb“) = X ""g' '0'-3&'1- oo s -l-.r%? o
lirnBale) = ex"_f |
N5 00

Reronki Note that $tx)= e -1 IS
 <Jeeny
&he exoct suluwln-mn o\ u. (Prove that )

5. ‘ﬁ*.z..%-&mw
hmma? !‘M)Jgds S Ssl‘ﬁ)@"ﬂdﬂ)

'\»'\v.nevw S‘ 't C.owl-nn uous $or X2 Q.
rout: Lot = Titdy Thon, by uting

'“{eg‘wkov« b\; ?Mts, we B.cwe
S SS}(‘A\&&J s =3 CF(ds = 31 F(s)ds =

[s FLs)] - SSF CS)As 2 me - o Flo)
- Ss Flesds = xS;ta\dg Ss Le)de =

Sx Tlydy - Sw!\e\a S@-a\‘i-la)dg




Lraen :"Le,ibniz -"—Mmula",. @
d ¥) L ‘S&) ) J |
Ule,&)dx) = ) U, (x¢t)dX +

de ate) x) até) ¢ (%)

+ UCAW,E) B0 - U (aw), t)ate),

) w L B
?Moi: Cowmsiden GC*,G,B) =°S U(x,'é)d'ég

L hene E

‘3&‘*) ®
The choin Rule qives

j%su.,u,k) = G;('&,Q.B)'bG;(é,a,k)a'&)-/-
+ GL (6 aR) L) = SUL Getrde
s (]

- UCawyt)a'(y) + L (L), t) blee).

Ex10: F) = §Siv~xt dx . Then
v — Q_ v
Flte) = Sx corxedt + S'mtad:é -
| B
< sSinth .1,
LYy




. Belabonship Sefween Diffngakial V
%ﬂ;uo&bov\s and lee%a«f eg\‘gﬁ.» von S (Seoc.or:‘\g[")
Exdfe £ u'+q0u = V) ey

Uta)s Uy  w'(e) =l
We integrote and find that
L' (D =t = S§t) — 3g) Lew)) 4.
l |

T ale once Mméhe.
)%ah X %

x S |
Guityds =S ds +§ \Et) -Guun))dy .
Cr (o) (0 Wo S
10 tio =y x-S 63 el
advcl com be mwxbéemow .
L0 = U+ Uy (x-0) + S A& 4+3 a:ﬁc-a)uz:b{
W‘
FGr) bat)
This meons thot O in Soct camn be
- neuwWnttew oS thex\/oli(eo:’m QQ‘,‘LWHOM
Ll (x\ = F:(;c) + gj"z ()ﬁ%) UL&)cl#'
w: Ex 11 8‘/\46\43'& Pow om yndiald value
oblen (e o cl;.ﬁ.u\(w#al egucshou
Zg:u,ippe& with intal velues) Cejw be bhans -
feamed o o (Voldvwmo fype) snteganl
g uo Hon. In Pa nexd example. we \f‘v'll’
show Yrob an inieghol eguobenr conm b
himccmme§ 4%,0,.;%&&@ equoskon,




EXIASE6) YO<) = A gﬁz@cfe) d(£) €, whee 18

k(x"é)__)((ﬂ"‘é) )Xﬁff‘."’
' £ (14-X) , 0+ < X
“ Y 6) A1) 3(+)d£+A< X (1) §
o | x
Hewnce, b% Lenmoa - |

4'o0) = A S- gt + AX (1-X46)

o

+ O\ é@—ﬁ) 4t)dt - A (4-2) 46<) ¢

| ‘B% usivxé lewmimo & 0nece Mehe Wl
fnd tha L
H (<) = =X §00) = N(A-x)00) = -A Y0,
Homoven) we see that ,%.Lo):%l:t):O-
 Cllhws , B8) camn e,q,uiwlevd:l% be hewartten

o as the bouw&u%‘mﬁw ?nog[ém

49 +AuR =0 '
Y ()= we1)=0 . » ‘

(Remwuoe: Tlﬁs bouv\clcwa vsalue we )w.emembe
Wwan VY importont in the Founien
theony in “ the methed of sepanakion o}
veniables" )




7. A

() 469 =56+ NS R, s,

where
arc bl
&%, 8)= ﬁ'd- NN oo Iesenel !e

- Then
@3 BOA) = ch)*Az‘S@,,(z)gce)&t o, (<)
M

Ca
w @‘) is o Soluwhow o{@.\ |;. we.

koow the numbe};s Ca 3So He q,u.uko«\ vSe
¢ Howto$md the nu,mgwc '

® Wwe mulbiply by @ (X),Andegrate
ond Sind etme% 7 ete

5 SuapsRdxs wafd@mxﬁc-s* e

G 54 aje
C4="3,.... >"')

» <This is just o linean sydlem o
0 egMatens avnd. n unknown .

T motnx -I-Mm s s%slmn c:ow
be wxatten



IT = § +AAC, i,

@E-AA)T =T,
A:(G:;“ a”:)) -i:(%‘;:)awd E:(c:cj).
» Qnq ---- Qan . % ’ :

o Some we“-kno@m S}a.dr& SENOM the

bosis cowvs'e__?;n lineas a.Q%e,g)u\;
BC = &

{

1. Z=B)Je.ég*0 - =3
F {Z:B) detB=0 = OOQTmnn% Solwé.'omg
8. §T+8,detBr0 @ 1 sobukon
Solutons,
® Phe Semous Exedholm's oléennative
ghesneon s gust o heLormulation
of thete Socks (with B> T-AA)
Ex 13: Solve 1 |
G 4= A é@-'ﬁxi)gcz)di.

Note that 1-3xE= 1-1+(3%) §
Hert we caw put
d0)=1, oAg(x)=-2 X
R4 =1 RalSY=1



we honre @
| . 1
/g 8,y dx § p,,d,_dx) § 1-1dx ;1(-&)&:

& SX *1dx Sx(—zx)clx
o o
=M -3
(1/1 -1)

- det@- ﬁ.A) cle{(1-9‘ %2 ) =1- -%;zzo

-y 1+
Faedholm!s allennobive Hheomen now
Qives the .Qouowiﬁi ‘?os._s;'blliﬁe&
® A#‘ii @Q ho s onlg the -vaml solwbkon
YOO =0,

- A=4,, ‘Tke,v\ the sa&éem QI—AAQQ.
nmd&o |
{ - Cq+3C =0
= Cqy +3C2=20
sy Bl solulione C’_-A C"'BA (A

s oMy wm&Wf}.%We O.C.C-G’u&d\o,
to @)
3409 = 0 +2(3A -1 + A (39) S6A(-¥)=BlA-Y

* llzod =B 1-%) ane the Solubons of (*Ei
% 394 ¢




¢ A2, Then the system (T-AA)E =5 {

- meadst
3C1-8C =0
; C‘,"C: =0

with solutions Cg= A and C;=A,
CIWHCQMQ, Agoin b& ()

Y0 = O -4 (A 1+ AGD)) = R(1-3%)
=B (1-3X) axe the sclulions o PGk

w Sohe 4
GER) 409 = JUx) + O\ é@-sxi) 4lg)ds,
A%ojv\ we note that
c’@é@*AA>=O & \+ 1.
Fredholmls allernative theoren now
gives all the following  pessi bilidoae?
Assmg_ that Ay :%s,(x)-wx F0 or .
kg = §g,(,a.>\ dxzo. AFI2
Sthew (X») has the umgue soluliow
Yix) = QCN\ + A (C/]“t"l'tzﬁ?r)j) )z
§G) +A[@4= 3G %),
Smb V\C 10 Ewﬁ&ffzs g': \g:\u: i



(1-2)C + 3ACs, = S%oadx - ®

—%9“31 +@+0)C = S XS,(x)clx \

9. Assume Lhot S 69 tdx:#o oh Ss;_m)xdx:go

and O = -4,
e hare £D cov\Svclen the sysien,

{3& -3Cq = é S6ddx 4
. &1 -C '-S)c&-bodx,

" ekich hos
® no solukon i é&Mcﬁx;ﬁ%Sx%@&*

R mony soludione it
§w&x_3§xw&x
Fuk 3Cy =A -> 3 C, -A+S;cx)dx.

Y Recording +o () we see thet the
Sole.em& ol GE) jw His case ang

400 =) =Q[Cy 146G 3T
Sx) aKA+4 %w&x)éfgc-ax)l

36) -2 § wde + A (2x-3).

3. Assume thot Sr(;c)clx:-'-b o SSr(x)xclx-A:o
ond A=3.




We bave Lo considen Hhe sysbe m @
{»c, +3Cy = Slsra)clx) |
C’ +3C1 - txg,bd&x,
whieh hog
B no Solwkon i & %gm)&*ixgw&.
- B0 mong SOIWL"”*’ A

Pw‘Ca A->C4 3A - Ss,cx.)edx
00 Aceonding ﬁ@)m%&%«&u

soludions o Gk¥) in this cate are

$0<) = §6) + ey wtﬂ—sx)}.- L
69+ 2f3A-§'s0dx) +A -39 =
$) -4 S &(x)cﬁx + % (1-X),

‘f Sw Aelx = S&ba)x&x 0 and :\#z.
CTMV\ Cy=Cq -o vs the u,vw%Ae So’w’wn)
v B0) = (I is the unigue sobution

oL OxF) .



. 1 |
S. S%OQ"I dx ESWXCIX=O and Az-4, @

3(:13(19_0 -
{ C1~00C1ca)4

Gr¥) ?\as 00 Moy solubons namel&
%tx) $6)—2 (Ar 1 +A(-3))= §.6) 4B (1-3%),
5. § $69)+ 1dx = SSr(X)'Xclxzo and 233,
{:?112%:'0’ « {cr;A .
(ex) has co moany solutons, namef% |
YU 0Od) = $69) + L(BA1+A X)) =4 +B(1-X),




8. Lukeanalequabions with o symmiric
feennel. '
We considen 4
M 4od= A SR, uce)d g,

Whene the Rond Rix,3) is symmebic, ie
«k()(., i) - k(_z)x> o ,
- The Q—GUOWW\% ymporrtavt theorem gielaft:“
Aheprer Lt Consicen 68) aoth symmediie
~emnel ofCTae,n \ |
(M) 2n eigenvalue with eiqenvecon Yo

A -“-lp -t - %m

At A 2 § 409400920, [4r L8]
(f.\rl.\‘ “The ei%evxva\lu,e& ane reale
(232) TG the kennel is not separokley
" £hen HhWhe one mg_:w;,u,[.% many
ec%em; wes A1\%Q).... , ﬁn)..-.f

N> o
(AV) STe each &L%env.alueﬂamﬁ.meswmds
at most Siniiely mony independent
eigenunctions. ”
Ee,mwv&‘ Be cawse . we Know about
the tlose  commnecbion o JCQM\.\M‘
equablons thit is not $o JWrpaLding



EX 150 Cons»cle}u
GKY  Yix) = @e(x)i)%ci)de,

Whos kxy5)= X (1-8)y X2 524,

/%)= £(1-%) , cSi<x,
Accondi ing to Ex 1 () ¢ e,q,wvale»a‘é
+to

(T

4'0) + Ayg0)=0
| 4le) =41 =0

“A20 40 = G cescu"‘x)ihc&s..(r‘\x)
%C°3 =0 => C’s .
Q=0 _,>gm ool =0

v A=A, g2 (Qc%euvalues)
4nlc) = 3;" NTx C&QE\'\Q—%“@AQ‘\&')

B Thic meant that 68) has n(mé\nvmjsO[wL\on.s
it awd cnl\a v% A=A, =nnd The
uné\n\nq} solubions ane Qn SiMNTIX s



dn (%) = Am S&Cx £)Yen (£)dE )

%a ) =, S"&(x,s l;\,,Ls:)aQ;;
S'émwanac)&x amsfancx)sw,s)sma)dzdx-
= Am é(o%n@k(x s)clx) YemlE) e =

| = Q‘n’\g fhci ’Q%n‘*)cbd 3m(.£)d£ .

Am §' - ‘én(ﬂ %m(t)&,f'

A"‘ S %mci)%ncz)clz S S‘amtx)g,,ooix
We C-OV\cl-wcle, Hot
(-3 )§ A 80t0d5 =05
#‘ o | -
So that |
ﬁ%m(") Y0 dx=0

The PN’"?& vs complede .

;)O




‘C'N . ""&‘ u'ﬁ a4y &tﬁo/gfm@
the dholon) intearal equadion

@ 46 =)+ A ak(x,e)gu:)dé |

M lbert-Schmidbls Iemm%: Assume

thot ¢(£) is a conbinucus Suaclion
én [n, 51 ‘and put

. Fe) = Shioqudd,
Aohene folx ) ;s symmedric Then Foo)
con be expanded in Fousien semes
oS o0 |

FOO) = 2 Cn 4atd),
Uhee Yn0d) ane the (nowmalized )

- e Q—MN:JS‘O&& |

Gex) RO = 4 % At y)dé.

Hilbert-Schoidils Heonoms /ot A be
o Chrent Srom all e,ﬁgeuvalwee o

(%) ownd let ¥iv) be the solutron ofBx),

Thew
409 2469 $ A T £ &b,

tehere A and Y ,,nim the €. “mtm
i dl Q,L%Qm“(wt\c, omse ol Qpé) ancﬁ
g"\ - gi(ﬁ) 5}nb<7&x s

o
GtheFownen co e,S}ng‘c)»e,w%x ) .



EX‘!@‘ Johe = o @
46 = X + A S&(x)i) ye)ds ,

,MW A+ 0722 Nn=1,4,... and
- xu—-z) X<E <
M&,i) - \'iu-x)), o.<.£<x).
w: Acco‘me% to Ex 15 we know
- that the noamalized e»ge»\,(,wuckoug
Ore Y, (X)=VRTSin NTIX Cowner onc[mg
O 4o the Q,u%e,v\va_lm An= aﬂl
MM\J%?

h-rl
gn- 5 XV SinnTiX ¢fx __Cf) TL‘/\’

' ITn view o ‘H»Q NleElh.i ’gd\m&.clé
- thesrarn |t rolubions ang

- JO\ _)ﬂ‘l'" .
0 =x+ o2 S"'mx




m:&.z—}.ﬂ:.&...,_l ct-Schumidéls theaym: @3

v\% to 66) Qwe Darse

BN 409-§0) = A Shtx,z) y(e)el§
Thenesre by Hhe anbezvl Sehwadt [emrm)

409 569 = 37 Cuinds
 Whene (the Founien coe!;!{aoeu{:s ace)
® Cn= SH69-569)4,09ck > Szwsn«wx "y
By mulbiplying Gi%) by Y, (&) omd. inte-
a’w*ﬂ*% e Simed

%"%n(ﬁ)dx P i\?(sw,gw)ds)xn@&

[sgmmeé\é] NI} g(f k() an‘)dx) YUEMT

=S+ 2 9* S%(s&%&)dt-i‘.nﬂ S%nb‘)%@d&

= in.
’is&fx)anwdx = S22

and we C,av\cJMd'e _‘».,om 8 ‘E\MJ,'

Cv\: &QO\V\ w = Ag
ﬁn‘A g - ;i““::\

d Y6) =S +§ 539,409 w
SO04A5T 3w () o i



ProBems - Lectunre 8
L.* Use the Lo»placeétumg‘,oﬁm 4o solve

(0) 409 = §6<) * 9\§ e""tg(e)clt-)
(&) % = ;S<€’<"s Wwt)d £,

&. Prove the Leibniz formule

o Ll 40y
B Foog)dy = S Fatesd oy + Fx,663) 4%-
OLx) a.bx)

- F()‘) 'v(ﬁ)) Q«‘()C) ‘

Con Ji“mu&%&;g% an integaal with

| nspect fo a variable a.PPecuvMa boéh
in bhe iwbe@ancl and the Limits of
iv&.e.%f‘zabicn.

Bink?: Coll the inteqrel F(x,0,b),where
© azob), b=2L8) and use the clain rule.
; -Re?ozmdo.éc the initial volue Problem
u'-au =86, x>0, uto) =1, u(e)=0,

os o Velterma inﬁﬁ&ﬁul &q,ua.éion,

i 'Re%—owmu,la.ée the bounclohg value
Proble w
Lu+u =0 )OCX<2 ) u.Lo):O, ) =0

~as o FedRolm integral equokion
Hint: In&@‘mlﬂ. Saom 6 6o X Bwice.



* Solve bhe mvbeano.l equodions:
(Ct) go<)= x* 5(1 3x4) g dé,
(L) 400= )&»A f@—sxﬂg&)d&
S0 oll Va.lu.e& of A wl«eu st 1S pessible

‘ &@Re%mmulal-e the integral eguation
B, &(x) A§ (xbe)g(e)dé; |

&b"*) +(1-%) 0<'6<’<)
oS o Mnclma value 'P)w‘:&wv

(A) Find all &bgen\ralu.e& and e.w%em-
S\‘,u,wc.b»oh: os- C*)

QC-) Sofve the integral e_quwéw.on |
469 =x 2 i&(x,e) 4 cdé,

where Mx,e) 'S cJeX«Me& Y (03 a"c/
A #o'ntnez,.




