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FIGURE MBS  Julla sets, when iterated for various values of ¢ in the
expression 22 + ¢ come in many forms, some connected and som\{ngmented.
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The Mandelbrot set has detailed structure on all scales. Zooming
in for a closer look shows fine structures that seem to get more and
more fantastic and complicated as the magnification increases.
Close-ups of its borders unveil a riot of tendrils and curlicues, yet
everything is connected. A bewildering array of delicate filaments
holds all the parts together (see Figure 6.7).

Delving deeper and deeper also turns up miniature snowmen.

FIGURE WB A blowup of a piece of the Mandelbrot set’s boundary
reveals a riot of ﬁl’pcnts and small copies of the Mandelbrot set.



5 Conbimeas duvamicol suglms @

Tw the mogst %eueml Casfl we s-luc/a
o syslm ol dhe Hgpe |

X = F(X)s '
where X=Xe4). For each Lixed ¢, x¢d) is
o vectr in o RLimibe ov .:u(—durée
cLllmeu .S‘t;o&aa.! VQC_‘ﬂ" SP&CQ.'

T Tn Lthis courste we wi)l mainlh M%
‘\\J\"S‘%S‘—em.x og the %orM
e Tk pon

3= 809, |
=u () ore r2sual h-edyoluea

. \ukp,..e X = X(¥) and 34 abd
_lS‘unc.J&on.ﬂ( Nere we have X =(k,4) aud F:CP)Q!

The Sal;.ubh& ore Cl«eg“wu’ ol &ome' i lerval
Lot 4 $4y and they can be grmphed in

_ the Sbhwﬁ,ee:)%ﬁ- | X= X(6)
| Stale | 7‘\\{~. 4= 4(4)
| o 8

'A»Pb/rna\l-v'veﬂé they can be rpretented as ‘
o ?(M-omeé'm'/c cume in the 7"‘6‘?&” also 5

called G Phare plone. |
A P

3 'e=“1 t
Pr\/ L- Q‘“’)' %Lﬂ)) |
$iste 5>y 2120‘“");%@1));;




Tﬁe Q%uigbrfgm 2oints are obdaired @
seluing the xﬁka |

Gm) {‘P(}M% 0>

G (Xxy4) ,
Since 'é /x = 33( we obfa;a (see() )
d
Eae ¥4 = Q0%
) ﬁ $(x,9)

A Phase portrait o} Lie sgtlem ) 58

G e e

%?éke LOML,A u‘. all the Paé[q_s qu.c( eg_m[;lohum
(= Ch-l—\ca[) P&wté{ in He 'PRMG ‘P&\ne

ﬁ,,ﬂ.,wEC,k,«,,‘é',‘}%,‘l'B, sllain o "B&g,g _pertraid s

1 Fnol a.” e \M&,gwu.m Foml:& L so?./.u.
Gex) . Hq,lg‘%m bn o x4 ';&&u. ‘A

. Lef some shmﬁoon-Pn ™ (eg

REGSIM by Thomas Gu-l;..(m») i s
-(;ke. sofu fiong 08 Gex).

In owr SECA’—C%‘” WR pPwsent a mer:

Coue \—ul W + cveall ?ﬁue_ ?owl—\v-m
&_ O U~ n&,w\st&e 3‘%‘&”" &*)

Tn cur nexdt secliow we qs""{ !s?/u%o—l,
Coneorek exawmyp le ¢ o Coenbnuweyt

A‘qkuqu,J SV)' S LQ.IM.\ ancl 'H\wv ’PRA_IC 'PC*‘M



6. Fome inhudy Wﬁm&@* €
Ekqmﬁkz: Considon Lhe x%shm

O Ix=4,
o lik

Aacer-cl:n% +O @ v oF I—.old{‘ 3 ,wfw.cl«
M&E«rk& M\{:o @ %.weJ

X #x=0

“"'\».&L the solubiong

) X()= O cost +hsint = a, sinfe+),
 Meveover )Q ®,
gu,) =~a Sint + 4 Cot = Q, Sm@-*@,).

We also nole Chat |
X +I6 (aco#ﬁ'-z-loson{:) @Smi'*-;@co-ﬂé) |
=Q (Cm-é-b.&buzé)wa (c&oé-&-S‘bn{-) -a+4

_.-obwouﬁ the onfy equilibrium poing ;s
@jo)’




?e avk s The \-e[w-laou u&z*c caw al&\)@
be Q'wéume& 1 the %ﬁllowm way !

Accord tug 4o k) 94 ”-XOS'gclq {-xdx
Oir% = Co @b xeiy'= =c? Cw;&R c=/3g?)

EMMEYQB' Con x.on,r ~élu xtacéem

e |

L oy

| ‘T&bs @anecou ggﬂ Svaskw\ ﬁa.s 'l:lue Sobubion
, X = C1 e )%—Cae

? ;_‘_)% R 1% :55);;!5@ i(nllé(i3[hbd-te C

d




M: gwa SQ&OV\O‘ cr’J—@v-‘ ol,JX,Q.Mué‘}a/
Qﬂ—"‘o.-l»&em X(X X) ’

Caw be \»h“&k as o S'aslew\ 0"-

% rst ovdew Eﬁ_\u.u-l'-obt& (o& the %ﬁeék))

namgt% K AN |
X = %‘)
{‘é = §(x4) -

g%g The Pem!dm cquobion

mod & + maa sine =o¢
Car\ be Whilrn oas

=4
{Lé ‘-%‘SMG

ey
 Eguilibrum Points: (n.‘rt,o) ,neZ .,

-

6

=y n-t-......_“_

€% (9)‘5) ©,0 isS o wbl& equi Lib~um ‘Pemé
©.4) (’IZ 0)i§ an uw&-’—ul:(.e QQw\lmLhwm?omf



15
Examgbeé Vaw dev ?o-P ¢ e%,u.avé—wh ‘ C

X+031)x+x=0
Can be wnthn. a s

X=19%
g'-é =(-x) Y - %

Here we have an eq,utb'chum Poau{-

§ (O 6) ond an ilustrm o Q.‘ the
‘Pﬁase Portrait judieales Llat we also
have o Lom:if c,g Le_

S hmcycbformd.Porsqum:ﬂx

This Gl circle ¢ s~|—w’ol€, Iavj] nu-ebta S‘olwlw\r
dw tt Fow amd Ll Lt cyele

—IR‘FX-O



Exampls Z: A fp*eclwém--Pa-e«a Problem (Uollerras
- In o (ake there are Ywo Speciet o
&\‘.&L\ : A ,W‘M‘cl« Liue'J’ own P(qn}s o‘} wL"QL
thare is o Plewd ful xqup% and R
CHu preclater]) whidi subsisfs by ealbing
A (+the Prey ) :
CVelterra s model
@ IXxsax-exys
@ 4=z-Lyedxu,
wherekax(e) is the populadion 0f A and
4=94) is the populabion of B at Lime 4.
g@ iS o ga&uae eq_uuukan -g,ah the amount
°Y PH% »
dx = o.x dt e-c:.xgd,{;
—*‘ axdt is -EEA PoPubul-io\— ymcHate i~ Lime dé
- due o birthe and natuval deaths -

* ~cxXydf g the Populaé«:oh decrrate ju ¥ nee
d€ cLQ,Pe,\}\cLCus on the Jact Hul B eats'R,

¥ Tw Ha same Way we Xg;u& that @ canw
be indwprebd as o bolance equation Jo-
4the avvount aQ ‘Pvﬁt‘&-&"w"-

¥ C)Lvsouspes ‘Htt 'onfu‘\ Pq_wil,.,'l:n?u,n—. ‘Podnh

O~ CG)O) awd (%)% s




MTwﬂumumm-mm
In MPR& He ‘Fﬁa—&& CQA&%}'&M .,

| C‘g\w mo&d ' § M,Se,%;‘:f H ebplu-\ mguba |

& well —lwown gical phur wher
we Bant $Eme ‘Com; G)Lsé-oa hel-weeh

T diflemmt Kkinde of Ouwmn.& 2.9,
between Xovet and mbbBits.




¥ Lossificabion of eriteal points @
Anequilbrium Point of &%) i3 Said to
be isoga.fg,d iS} there ;s o ne%l\borhoac/

Ox. the cntieal fPoi»)'é that condaias
noe other cewrtical posints , Phewe

are Sour fypet of isolaled cwrtical
/Pain'LS 'élta:é OCCcuvr _‘Zv-eq_u.eu'é-&a n«.me_(g
( cenéer, hocp@— ) Saddfe Q,M-co J‘PL""&(-

- Figure 6.30. Generic critical points. .

T Seme houuv\tw Sggkas we éaﬂ V
 have tvew m m.yed S /vodiong
owidl, l'u)%l\ev- order ¢ rical Poiads”
se e.9. the ‘-ol/owi% E)campaz.'

node .

/\ | - Figure 631. Higher order critical point.

Ap a4eilbriun psict e be. 2l armmledeats




o =i " — o — T g e -

(*) | ?:--fax-lué»,‘é— 3-

y=cx+dyi

(X=ax; x:(}), A= (28) )

 “There are Soelahons ol &the Rorm
| X¢) = @e:‘\{', Y (£) =/ze“*.

~WQ e’“, o
. iske”:sae“q.hiew Y -
Are?t = scePt iadedf
S$¢ that
(Q."'A)S + /C e = #) )
C S HW-Nr =9 .
Nm..{gu;al soluécowsl ex:&\(.x e‘)cac‘ug\ ‘,‘&,

[ 5

b T g

Aa - @ +; ), 5\‘ + (m;:l :(6)7:-‘: 5:}

T LA
Lbcis= oy

A SSumyg ~é[/ta~é TJTC& ﬁa& SC)«&UUQM-Y

245, 2FA2 (eyrnvolesy widl, Lhe

C&'rmsw)nclin& soludions ([Sl:)?m;ol‘&z))- |
. T\ / 2

respecbivedu € Clatviverdseo



mf‘ﬂ»e %ememl Solutvon o& ® 1 . @
2 =G (%) X G, (3) S
€4/

k
a.e. |

xt6)> G 4S9 eMt, Cgsgé—"“' |
‘\ {QU-)-" Cyry.e M1 Cy g o2t

w:‘ﬁﬁum_& \‘:hwéA:(g 3) in ) Ras

Eigenva’ue.& w-‘-&& 4 Eitaénvﬁel-o'\l:
9 * (%)

-1 i ()

=T hw &%) ga,.& Lhe %eu eval S'obpéu.on |
Xt)= §(3) e 4G, () et

‘ ‘)(C-e) = 3;01 ea('é “2‘62 ﬁ.é)
4 = 3¢ 4 Gg 7%,

A€



Exompled: Solve é1)
XsSx+ew
¥ 4 o 33%

Sol. We comst the maéng (1'_3__3

with the Corretponding  Chavac lwradic
equabion

. L ED

A +90 +9=0.

| Ei%euvdw N CG"‘N ONLnQ e\qeuvecéow'
5{ = -1 i‘f; ‘ 1 ( 2*‘ 7
Ag= =1-4 Sa -:.—,z)

“Thut 6® Ros €Re agnovml Solusdo, |
| ¥ -
a&(é)-C“(z*)g‘t) zmef Wi
e

R { xs Gy Dy gy 1Y
4 = @y lard) 740 La-) £

M gives ol c‘gmg[u 20 bl wdiond <N1\49

real Soludjons
{X(.é) = e @é, C.a-h.( + dl SM-£-> o
W)= "ﬁ-t{CQc{ 103 ) co.cd 1(({.,-1—.2&1)&3'»4]



@
@L(Cos'é + mm"')-l- C’z (co..c*& - L.A‘;'n ‘6)) =

- ¢
z e (i@f'i*“%)CN{ + 5(6'1*-.0'3) anz.L)
) M

-f
X (£) ‘C}, 46 +(q € =

dl,
}(6) Gy (-2+3) € e 1 ¢y (-2-0) ete b,
(C1C2 *4) (Cuf ~¢ S‘m%)* Clﬂ. (‘1’()@0.Sf t—&‘u)ﬂ)

=e (*-2 ({7,*5’1) +¢ Cr‘Q))CN“*(‘&@é:C&)*(")&\A@
L Tne

X&) = e",."(d., cott rd, Sin é)

Qem' Constants é,;wﬁdz 2‘

/////

dy= Quedys are i (Red)
d, < CE€r €)= A+d) +4 (a~c )
;c,qcl&;s 16 Tfae Covn..?‘lmu,{—-f ‘ d, angl éz

e ol P\ aszc and Ldo-d A,

L ¢ Gys 9 .



9 Chorsy Ssbion ok the equilibrium ewéz

M&ij.,,,&w
X=oax+by = Ax -
(*){% = CX *d'ﬁ ® X > % G)

l w_’a‘,‘ Le{( )and(n‘)ge ega,ek\,ec-‘o,\f

Covhexpmo\cl;u% Yo A and A&) }-erec_-l,vefar
o T(ﬂ‘@" the %e“e"‘l 30&4"‘0“ O-Q. &) ;¢ 3;0

ean
b'ﬁ 1, n.e
o O X6 = g (3)e 0 (ﬁ;)e 2€
Czao €120 ! X&) s o Path cuw l*’
C220,Cic6 : X¢¢) is o Path on ¢
€120 , C3>0 : X(4)i¢ & Path on 03
Ci=C ,Ce<d * X(¢) i¢ o Path ou 97, —

S
V= )zt)
- g,_)
Vg, 2

29

>> eiz{- and *Uuu)

(que negq,ﬁl\ucf'
Tu parteulon 3(9(0) as Lt = - oo




u [ |
+to+%v  <rhon At

@3
,Qov- favqe pesibve €
rTRAL& P4 tends Jo IAS—.':«N-&A w o€ as(dpe
XAIYMmp bedsic Yo (izz') as t = oo,

That ©,0) it an unsh Bl nede.
The Lines delined By the esqenveclors

(%) and G.";) ot colld separadrices.

-0

A3€A1<0. Tn the same waq as

above we Sind blat ©,0) is g:sibl.
node . The ehage Perbeuit jy Lle same
but with rversed arvows,

é_ A1<O<A&4

’ 5

,Q‘?’:@) C{>0 3 X(L) 1s & 'Fa:l—lq Cn ..Q;' -
€9 =0,C1<C: x(6) ig a path on £7 ¢
C1=0 |, G >0: X(&) it & path on LF —»
C130 ) Cq<0: X(t) s & Pathen L9 —p



LO ) "'A = a <O

o) TMH exists “"\vo Z:ne-o.rl’«q indepeuélen.f-
RMaen veclors G"_") ‘omol (/s:?) .Then ¢he
Soludion o &) s ¢ -

X0 cq() eMegy (3) eX4(20)
where a, and 0y are m—b[é—«rurta_ I

| NPEESSY Stable node. '
(-3:) Thore existe Omlu& one eigen vﬂCéor (‘;’ll‘) o The.

the soludion °f @) is of the Ropm
2= (0 (30) + (D) w2 () ) €

Fov E»Qo £ we B.A.VQ X)) = ij‘(i‘i) E,Aéo



@

: Yy
(%)
| - k¢
( ‘ . Vw b';’ .. "
E . S StabPle node

% ° ;,‘31 =%y =2 >0
This case it exactly the same ays Case ¢
with the direclions reversed; (0,0 i g

an u,ns"-g,lgﬁg‘ nocle
o |
g a{=¢+&‘2):azed—,\'p

By using the same arqumentt ag ia
L eww E)COLMP&- ? we %-C Clat Lhe real
Solutiont o} 68 is |

X (¢£) = ¢y edé((i:)cosp£~ (i:-)sm(;{.) +
¢ .
+Cy o% < i‘:)SMpé $@:) Q“(i‘(:)
g20 Then xt)and yi) are periodic wibh
Tered M/g . There fore £,0) it a confer
Jd<0 Thea the ampliducle 8¢ X doo renses

ond we Rave M&M@s .

)A>0 Then the wnplotude of X i;e&qxe.:

n-.n-l INYV. A . -1 t 1




)

‘);
>

>

dzo k<0 | |

Cenftr  shbl spil  umslabl spiead
« -‘?mmﬁ &.‘ Cons;dew

X = 3x-2y o -
{% = 2x-2y ,é) X=2AX

The cottfisent mabrix A # (3 73) bas
tle claroclirisdic ‘eq uad'o o
3-2 -2 2 . _
1 2 -9.-;\]’ A-2-2 =0
and \{hus, ih}eigekvafueg are Qyz-1,%y29
HTRis i3 Case 3° and we conclude that
6,0) it an unstable saddle Poind,

“ihe ev‘Qeuvec;loN are ‘%““c, Vb% go&d««a
the Linear Systn,

(2 ) = (0)
A= dx-1  teplies bhat

HS « 31 =0
S —» =0

A LGMSP“\C“V\{\ Cigen vecksw o4 (i.\



‘ Q:ﬁizz )‘mplie.J that @
(S -3A=0
AS ~yA =0
A C.ow-e:poncla'aﬁ Ciqenvector i ¢ ('3)
“The Aenerel soluidion of e S%Slem (8
| 1), ~¢ 2) 2¢
X = C‘(&)e’ +C3(1)Q o Q.
<) = ¢qe ¢ +icy o€
ule)= AC e ¢+ Cy o2,




Heve +the ‘C.HL'C@P fPoiWé Ry (3.1). @
Hoa-ecve»: @) cau be wWhilw as
9 =2X1-3y,,
Whoe Xi= X-9 auwd Y4 $4-1. (3'3 USin

the result 3rom €xamplo 10 e Soud

that @,1) is an un sda Ble sa&&[&’
‘6"—&‘ the SOLA(‘\"“'\ v S

()= 3+ e vace, f: “
| $0)=1 +2¢ e 4 ¢y 0*°,

cand that phace porbracd 1 tRat va Example 1€
moved Q uniés in Lhe X —derecdion and 1
Unit in the Yy —direedion, |

In o Similenr wau:\ as in Ekam;ale 71 we
Can insleae of 00 tludy the move qenernl
Qo) {):( = O (x-%,) +4 CEDE

| ¢q T Clx-)+d(Yy-m,) .

o The %wi&'g AU point e Rove ?éwP
-'E'O_ &0, Bo) . By Ma.lduﬁ the Grauntlorm-
aliownt X = X-olp and Yoz = we
Can Ca.rwq Over %) Yo the .ri*lwl—\,'o-\
studied jn (%) (with Ghe i Lk iun,
Point (0,0) ).

Myt iiog



Problems - —Lectuse 9

1 Sketch bthe phate Portaits &et
the Sollowing .S&séems

9 {x x-3y

| &@)30,\:2 the %o“ow cla.nam‘cal sasw’:em-
& X =X+Y4

3 Yx-ay .
(&) Sketcl the Phase portrait ofed)

& ThRe equo.éwn .}o« aclampecl harmonic
\ oscilloaber i

MX+ox+hx = =0, m,a k>0

‘Wnite Lhe &q.-ua.b»on (e WY O\O.La M\M.uca,[
Sysben by m-éﬁ.octuc_m% \&-x ond
shovws that ©,0) is o caitical Peint,
Desonvibe Ehe natune awnd sbeb; Liky of
Ethe caibical wa\'ﬁ in Ehe &OUO\Wﬂj cases,
@) a=0 ®) o*-yom=0

() o*4hm<o @) cd-yhm>o .



«  Find the values o where the Solubic
ibo the .Q.otlowing s%i{:m bi-ﬁwc.co\.ée
and exomine e StobiLity 6% the
o1igim i eoek case
(03{, Xy (L){%—‘-% , )
Grrxege TG saxeny,
(0 fxaxty () [Repmg e xy .
dapoxeg e |G Mnouy +x +2xy
‘”é*@) Descaibe Lhe Ve vhulé ‘s Populetion,

mocle/ . T ?o.h'éicu[o.s,, descnche how
Ebis mode! can be used to illu steate

the cown cepts otlhactoy and Cﬁq.os,
o 'LUM ' 8 "Feiaewgo,umls ConSfan'tg
. (&) Deseaibe how You com ;lhustrade

vo. sets ,
'!M%:i s the MandelBy Lt set .2

& Delnmine whebhes 4y Sollowing system:
ocdmit perniodie Solutiong

Q) §Xx=4 _ (L) R=
{3 =Q<"+1)8—x$: ¢ ){533%*)64-&1 )

N\ TxX=4
@a-a0 44,




